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Geometric Properties of Stationary and Axisymmetric Killing Horizons
Andrey A. Shoom∗
Theoretical Physics Institute, University of Alberta, Edmonton, AB, Canada, T6G 2E1
We study some geometric properties of Killing horizons in 4-dimensional stationary and axisym-
metric space-times with electromagnetic field and cosmological constant. Using a (1 + 1+ 2) space-
time split, we construct relations between the space-time Riemann tensor components and compo-
nents of the Riemann tensor corresponding to the horizon surface. The Einstein equations allow to
derive the space-time scalar curvature invariants, Kretschmann, Chern-Pontryagin, and Euler, on
the 2-dimensional spacelike horizon surface. The derived relations generalize the relations known
for Killing horizons of static and axisymmetric 4-dimensional space-times. We also present the
generalization of Hartle’s curvature formula.
PACS numbers: 04.20.-q, 04.20.Cv, 04.70.-s, 04.70.Bw Alberta-Thy-16-14
I. INTRODUCTION
Killing horizons play a significant role in the analy-
sis of pseudo-Riemannian manifolds and are important
characteristics of such manifolds. They help to define
the global structure of space-time, as black-hole event
horizons, Cauchy horizons, cosmological event horizons,
and local isometry horizons (for details see [1–3] and ref-
erences wherein). A Killing horizon is a null hypersur-
face in a pseudo-Riemannian manifold which is invariant
with respect to a one parameter group of isometries of the
manifold and its null geodesic generator is an orbit of the
group [1]. In a 4-dimensional space-time, a 2-dimensional
spacelike Killing horizon surface is a marginally locally
trapped surface whose future-directed null normals are
not expanding. The generator of a Killing horizon, which
is a null Killing vector field, has many interesting geomet-
ric properties explored in the works of Carter [1], Boyer
[5], and Wald [6]. The reader can find the comprehen-
sive presentation of many of such properties in the meaty
book [7].
Due to special features of a Killing horizon, the cor-
responding space-time structure takes a special form on
and in the vicinity of it. In particular, the space-time ge-
ometry and the Einstein equations get simplified due to
an enhancement of the space-time symmetries in space-
times with the so-called extremal Killing horizon. The
well-known example is that of the extreme Kerr black
hole solution there the near horizon geometry (the ex-
treme Kerr throat) has enhanced symmetry, and, as a re-
sult, the Killing tensor becomes reducible (see, e.g., [8]).
There are many examples of symmetry enhancement of
the near horizon geometry of extreme (as well as super-
symmetric) horizons in 4 and higher-dimensional space-
times (see, e.g., [9–12] and references therein). There are
other examples illustrating the special nature of a Killing
horizon. It was demonstrated that space-times of local
4-dimensional vacuum black holes represented by static
and axisymmetric Weyl solutions of the vacuum Einstein
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equations are of the Petrov type I (algebraically general),
but they become of Petrov type D on the horizon due to
the “appearance” of two repeated principal null direc-
tions [13]. The same situation takes place for the in-
ner and outer horizons of a local 4-dimensional static
and axisymmetric electrically charged black hole [14]. It
was shown that space-time scalar curvature invariants
get greatly simplified when calculated on a Killing hori-
zon (see, e.g., [14–16]).
In this paper we shall study geometric properties of
Killing horizons in 4-dimensional stationary and axisym-
metric space-times with electromagnetic field and cos-
mological constant. We shall not be interested in the
global space-time structure and shall study Killing hori-
zons quasilocally. In this sense, the Killing horizon is a
particular class of the so-called isolated horizons, which
were defined and later extensively studied in e.g., [17–23].
We shall focus on space-time curvature invariants calcu-
lated on a Killing horizon. There are 14 algebraically
independent scalar invariants constructed from the Rie-
mann curvature tensor [24]. Note that a space-time met-
ric of a 4-dimensional Lorentzian manifold can be com-
pletely characterized by scalar polynomial curvature in-
variants constructed from the Riemann tensor and its
covariant derivatives, except for the case when its met-
ric is of degenerate Kundt form [25]. Here, we will cal-
culate the second order space-time scalar curvature in-
variants, the Kretschmann, Chern-Pontryagin, and Eu-
ler invariants (see, e.g., [26]) on a stationary Killing hori-
zon. Killing horizons considered in this paper are reg-
ular in the sense that these invariants are finite. The
results derived here is an extension of the previous works
[14–16] where the Kretschmann invariant was calculated
on static Killing horizons. The Kretschmann scalar of a
Killing horizon in a 4-dimensional electrovacuum (with-
out magnetic field) static space-time was derived in [14],
K ⊜ 3 (R+ F 2)2 + 2F 4 , (1)
where R is the Ricci scalar of the horizon 2-dimensional
spacelike surface and F 2 = FαβF
αβ is the electromag-
2netic field invariant.1 Another work [16] contains a study
of Killing horizons within the d-dimensional Einstein-
Maxwell-dilaton model with a cosmological constant.
Beside an analysis of geometric properties of a Killing
horizons, the sought relations have many applications.
For instance, the expression of the Kretschmann scalar
was used in [27, 28] to prove the uniqueness theorems
for the Schwarzschild and Reissener-Nordstro¨m black
hole solutions. An investigation of properties of scalars
and tensor invariants constructed from the Weyl tensor,
Killing vector, and their derivatives near a Killing hori-
zon is necessary to calculate the vacuum energy density
near a static 4-dimensional black hole using Page’s [29]
and Brown’s [30] approximations (see, e.g., [15]). The
relation (1) was used in [14] to analyze the curvature of
the (inner) Cauchy horizon of a distorted, static, and ax-
isymmetric Reissner-Nordstro¨m black hole based on the
curvature of its outer horizon. Such an analysis was pos-
sible due to a certain duality transformations between the
black hole’s horizons. The relations derived in this paper
can help to analyze the curvature of the Cauchy hori-
zon of a distorted, stationary, and axisymmetric Kerr-
Newman black hole solution constructed in [31].
Our paper is organized as follows: In Sec. II we con-
struct the metric of a stationary and axisymmetric space-
time in (1+1+2)-split form that allows for the space-
time foliation suitable for studying of the Killing hori-
zon surface. In Sec. III we derive relations between the
space-time Riemann tensor components and components
of the Riemann tensor corresponding to the horizon sur-
face. Section IV contains the Einstein equations of a
stationary and axisymmetric space-time with an electro-
magnetic field (without a source) and a cosmological con-
stant and expressions of the space-time curvature invari-
ants in the form corresponding to the (1+1+2)-split of
the metric. In Sec. V we define the Killing horizon and
using the results of the previous sections calculate the
space-time curvature invariants on the horizon surface.
Section VI contains discussion of the derived results and
present them in terms of the gravitoelectric and gravito-
magnetic fields.
In this paper we use the following convention of units:
G = c = 1. The space-time signature is +2, and the sign
conventions are that adopted in [32].
II. SPACE-TIME SPLIT
In this section, we construct metric of a 4-dimensional
stationary and axisymmetric space-time and present it
in (1 + 1 + 2)-split form. We consider a 4-dimensional
Lorentzian manifold (M, gαβ), where gαβ satisfies the
Einstein equations, which has a two-parameter abelian
1 In this paper we use the symbol ⊜ to define a relation between
quantities calculated on a Killing horizon.
group of isometries {ϕt, ϕφ}. Orbits of ϕt are timelike
at asymptotic infinity and orbits of ϕφ are spacelike and
closed. The generators of the group are the commuting
Killing vector fields ξ(t) and ξ(φ), which are not orthog-
onal. We choose the space-time coordinates such that
ξα(t) = δ
α
t , where t is time coordinate and ξ
α
(φ) = δ
α
φ,
where φ is a spatial coordinate, which in the axisymmet-
ric case is an azimuthal angular coordinate. A space-time
is called stationary (pseudo-stationary, in the case when
the Killing vector field ξ(t) is not timelike everywhere),
but not static, if the timelike Killing vector ξα(t) is not
hypersurface orthogonal, i.e., the condition
ξ
[α
(t)∇βξ
γ]
(t) = 0 (2)
does not hold. Otherwise, it is called static, which is a
special case of being stationary. Here and in what follows,
the symbol ∇ stands for a covariant derivative defined
with respect to the metric gαβ .
Let us now consider a hypersurface Σt defined by t =
const. We define a unit vector field n, n · n = ǫ = ±1.2
The vector field is defined to be stationary, i.e. £ξ(t)n =
0 and hypersurface Σt orthogonal, i.e. nα ∝ δ tα . Let Σt
be spanned by the vectors e α(a) = δ
α
a , nαe
α
(a) = 0, where
small Latin letters (a, b, c, ...) stand for coordinates on Σt,
and let γab be the induced metric on the hypersurface.
Then, we can present the space-time metric as
gαβ = ǫnαnβ + γabeα(a)e
β
(b) . (3)
We shall assume that the conditions for Frobenius’s the-
orem hold for the space-time of interest. Namely, using
Wald’s formulation of Frobenius’s theorem [33], we say
that for the given space-time (or in a simply connected
open subdomain D) the following conditions hold:
C1: ξ
[α
(t)ξ
β
(φ)∇γξ
δ]
(t) and ξ
[α
(t)ξ
β
(φ)∇γξ
δ]
(φ)vanish at at least
one point of the space-time;
C2: ξ
[α
(t)ξ
β
(φ)R
γ]
δξ
δ
(t) = ξ
[α
(t)ξ
β
(φ)R
γ]
δξ
δ
(φ) = 0 .
These conditions imply that the two-parametric abelian
group of isometries {ϕt, ϕφ} is orthogonally transitive,
and thus invertible in D [1]. In other words, 2-
dimensional surfaces of transitivity of the isometry group
which are spanned by the Killing vectors ξ(t) and ξ(φ) are
orthogonal to the family of surfaces of conjugate dimen-
sion. As a result, one can present the space-time metric
as a direct sum of the metrics on the 2-dimensional or-
thogonal surfaces (see Eqs. (10)-(12) below).
One of the cases to satisfy the conditions is to consider
a vacuum space-time region, which contains a non-empty
2 Here, for generality, we consider both the cases when ǫ = −1
corresponding to a space-time hypersurface where n is timelike,
and when ǫ = +1 corresponding to a space-time hypersurface
where n is spacelike.
3subset of fixed points of the group. Another, less triv-
ial example is the case of electromagnetic space-times,
which we consider here. It was showed by Carter [1, 2]
that the conditions hold for a stationary and axisymmet-
ric electromagnetic field. Because the metric tensor is
invertible, an addition of a cosmological constant to the
Einstein equations doesn’t violate the conditions.
We choose eα(φ) = ξ
α
(φ). Then the Killing vector ξ
α
(t) lies
in a 2-dimensional subspace spanned by {n, ξ(φ)}. We
define
ξ(t) · n = k , ξ(φ) · ξ(φ) = γφφ , ξ(t) · ξ(φ) = ωγφφ , (4)
where k an ω are some scalar functions. Then,
ξ(t) = kn+ ωξ(φ) . (5)
In the coordinate basis (t, xa),
nα = k−1(δαt − ωaδαa) , ωa = ωδaφ , nα = ǫkδ tα , (6)
and the metric (3) takes the following form:
gαβ =
(
ǫ/k2 −ǫωb/k2
−ǫωa/k2 γab + ǫωaωb/k2
)
. (7)
The covariant from of the space-time metric gαβ is
gαβ =
(
ǫk2 + ωcωc ωa
ωb γab
)
. (8)
Here γacγ
cb = δ ba and Latin indices of the objects living
in Σt are lowered and raised by γab and γ
ab, respectively,
e.g., ωa = γabω
b.
To further specify our metric, we assume that∇αk∇αk
vanishes nowhere in the domain of interest. Thus, one
can take k as one of the space-time coordinates and de-
fine eα(k) = δ
α
k. We denote by x the remaining spa-
tial coordinate, such that eα(x) = δ
α
x. Let us con-
sider a 2-dimensional spacelike surface Σt,k defined by
t, k = const and spanned by {eα(x), eα(φ)} with the metric
hAB (x
A = (x, φ)) on it, which can always be brought
to diagonal form. The spacelike vector ∇αk = δ kα is
orthogonal to such a surface and we define
∇αk∇αk = δ kα gαβδ kβ = gkk = −ǫκ2 , (9)
so that for different signs of ǫ the metric signature is
preserved.
As a result, the metric (8) can be written in the fol-
lowing form:
ds2 = (ǫk2 + ωcωc)dt
2 + 2ωadtdx
a + γabdx
adxb , (10)
γabdx
adxb = −ǫκ−2dk2 + hABdxAdxB , (11)
hABdx
AdxB = hxxdx
2 + hφφdφ
2 . (12)
The expressions (10)-(12) define a (1+1+2) split of
the space-time. We shall use capital Latin letters
(A,B,C, ...) for the horizon surface coordinates.
III. REDUCTION OF THE CURVATURE
TENSOR
In this section we define relations between the Riemann
curvature tensor of the 4-dimensional space-time and ge-
ometrical quantities of a 2-dimensional surface Σt,k. This
procedure we shall accomplish in two steps. In the first
step, we consider relations between the 4-dimensional
Riemann curvature tensor and the intrinsic and extrin-
sic geometry of a hypersurface Σt. Such relations can be
found by introducing the projection tensor
Pαβ = gαβ − ǫnαnβ , (13)
and using the definition of the Riemann tensor (for details
see, e.g., [32, 34, 35]). The relations are the following:
Rαaβbnαn
β = S¯acS¯cb − k−1(ǫk|ab − [£ωS¯]ab + S¯ab,t) ,(14)
Rαabcnα = S¯ab|c − S¯ac|b , (15)
Rabcd = R¯abcd − ǫ(S¯acS¯bd − S¯adS¯bc) , (16)
where S¯ab is the extrinsic curvature of a hypersurface Σt
defined as
S¯αβ = S¯βα ≡ PµαP νβ∇µnν , (17)
S¯ab = −k−1ω(a|b) +
1
2
k−1γab,t , (18)
(although the last term vanishes, we shall keep it for
the second step), £ωS¯ is the Lie derivative of S¯ab in the
direction of the vector field ω,
[£ωS¯]ab = S¯ab,cωc + S¯cbωc,a + S¯acωc,b , (19)
and R¯abcd is the Riemann tensor corresponding to the
metric γab. Here and in what follows, the barred ge-
ometric quantities correspond to hypersurfaces Σt, and
the stroke | stands for the covariant derivative defined
with respect to the metric γab.
Using the relations (14)-(16), we derive the following
components of the Riemann tensor:
Rtabc = k
−1Habc , (20)
Rabcd = R¯
ab
cd −Qabcd − 2k−1ω[aHb]cd , (21)
Rtatb = k
−1ωcHacb −Qacbc − k−1(k|a|b − Lab ) , (22)
Rbcta = ω
d(R¯bcda −Qbcda) + 2ω[bQc]dad + ǫkH bca
− 2k−1(ωdω[bHc]da − ω[bk|c]|a + ω[bLc]a ) , (23)
where
Habc = 2ǫS¯a[b|c] , Qabcd = 2ǫS¯a[cS¯bd] , Lab = ǫ[£ωS¯]ab .
(24)
In the second step, we write the components of the 3-
dimensional Riemann tensor R¯abcd in terms of geometric
quantities corresponding to a 2-dimensional surface Σt,k.
Applying the replacements corresponding to gαβ → γab,
ǫ→ −ǫ, t→ k, k → κ−1, ωa → 0, γab → hAB ,
Rαβγδ → R¯ab cd, R¯ab cd →RABCD, S¯ab → SAB , (25)
4to the relations (20)-(23) we derive
R¯ABCD = RABCD + ǫ(SACSBD − SADSBC) , (26)
R¯kABC = −ǫκ(SAB;C − SAC;B) , (27)
R¯BCkA = κ
−1(SB ;CA − SC ;BA ) , (28)
R¯kAkB = ǫκh
ACSCB,k − ǫSACSCB − κ(κ−1);A;B , (29)
where RABCD is the Riemann tensor of a 2-dimensional
surface Σt,k,
RABCD =
1
2
(δACδ
B
D − δADδBC)R , (30)
RABCDRCDAB = R2 , RAB =
1
2
δABR , (31)
and SAB is its extrinsic curvature,
SAB = 1
2
κhAB,k . (32)
Here and in what follows, the semicolon stands for
the covariant derivative defined with respect to the 2-
dimensional metric hAB.
To express the other 4-dimensional quantities that en-
ter the expressions (20)-(23) in terms of 2-dimensional
ones, we shall use the Christoffel symbols corresponding
to the metric γab:
Γ¯kkk = −κ−1κ,k, Γ¯kkA = −κ−1κ,A, Γ¯kAB = ǫκSAB ,
Γ¯Akk = −ǫκ−3κ,A, Γ¯AkB = κ−1SAB, Γ¯ABC = πABC ,
(33)
where πABC ’s are the Christoffel symbols associated with
the metric hAB,
πxxx =
1
2
hxx,x , πxφφ = −1
2
hφφ,x , πφxφ =
1
2
hφφ,x .
(34)
Then, for the metric (8) we derive
k
|k
|k = −ǫκκ,k, k
|k
|A = −ǫκκ,A, k
|A
|k = κ
−1κ,A , (35)
k
|A
|B = −ǫκSAB , k
|a
|a = −ǫκ(κ,k + S), S = SAA . (36)
The nonzero extrinsic curvature components read
S¯kA = −1
2
k−1hφφ ω,kδ
φ
A , S¯AB = −k−1hφφ δφ(Aω,B) .
(37)
Note that because φ is a Killing coordinate, S¯aa = 0.
The expressions above allow us to present the 4-
dimensional components of the Riemann and Ricci ten-
sors in terms of the 2-dimensional ones, associated with
the metric hAB and the 4-dimensional metric functions.
IV. THE EINSTEIN EQUATIONS AND
CURVATURE INVARIANTS
In this section we construct the Einstein equations cor-
responding to stationary space-time (10)-(12) with an
electromagnetic field and a cosmological constant and
derive expressions for scalar curvature invariants. The
Einstein equations read
Rαβ = Λδ
α
β + 8π(T
α
β −
1
2
Tδαβ) , T = T
α
α . (38)
A. The electromagnetic field
Here we shall consider an electromagnetic field without
sources in a simply connected space-time domain D. The
electromagnetic stress-energy tensor is
Tαβ =
1
4π
(FαγFβγ − 1
4
δαβF
2) , F 2 = FαβF
αβ , (39)
and T = 0. The electromagnetic field tensor Fαβ can
be derived from a 4-vector potential A which will be
assumed to satisfy the group invariance conditions
£ξ(t)A = 0 , £ξ(φ)A = 0 , (40)
and the electromagnetic potential circularity condition
[2],
A[αξ(t)βξ(φ)γ] = 0 . (41)
As a result, it depends only on the k and x coordinates
and can be presented in the form
Aα = −Φδ tα +Aδ φα , (42)
where Φ = Φ(k, x) and A = A(k, x). The corresponding
electromagnetic field tensor Fαβ = Aβ,α − Aα,β has the
following components:
Fta = −Fat = Φ,a , Fab = 2A[,aδ φb] ,
F ta = −F at = ǫk−2(Φ,a + ωA,a) , (43)
F ab = 2(hφφA[,a + ωF t[a)δb]φ .
The Maxwell equations for a source-free electromagnetic
field read
∇βFαβ = 1√−g (
√−gFαβ),β = 0 , (44)
where g = det(gαβ) = −k2κ−2h and h = det(hAB). Us-
ing the expressions (43) the Maxwell equations can be
written in the form
[k−1κ−1
√
h (Φ,a + ωA,a)],a = 0 , (45)
k−1κ−1
√
hω,a(Φ
,a + ωA,a) + ǫ[kκ−1
√
hhφφA,a],a = 0 .
The electromagnetic field invariant and energy density
are the following:
F 2 = 2A,aA,ahφφ + 2ǫk−2(Φ,a + ωA,a)(Φ,a + ωA,a) ,
E = ǫ
16π
(F 2 − 4A,aA,ahφφ) . (46)
5B. The Einstein equations
The Ricci tensor components and the Ricci scalar read
Rt t = R
ta
ta, R
t
a = R
tb
ab, R
a
t = R
ab
tb ,
Rab = R
ta
tb +R
ac
bc, R = 2R
ta
ta +R
ab
ab . (47)
With the aid of the expressions (20)-(23) and (47), the
Einstein equations (38) can be written as follows:
k−1Hbab = 8πT
t
a , W
ab
ab = 2Λ+ 2T˜
a
a , (48)
V ab −Qacbc − k−1(k|a|b − Lab ) = 0 , (49)
where
W abcd = R¯
ab
cd −Qabcd , T˜ ab = 8π(T ab + ωaT tb) ,
V ab =W
ac
bc − T˜ ab − Λδab . (50)
C. The scalar curvature invariants
As we mentioned in Introduction, in this paper we
consider the Kretschmann, Chern-Pontryagin, and Eu-
ler curvature invariants defined as follows:
K1 = RαβγδRαβγδ = CαβγδCαβγδ + 2RαβRαβ − 1
3
R2 ,
K2 = ∗RαβγδRαβγδ =∗CαβγδCαβγδ , (51)
K3 = ∗R∗αβγδRαβγδ = −CαβγδCαβγδ + 2RαβRαβ −
2
3
R2 ,
respectively. Here Cαβγδ is the Weyl tensor, and the star
symbol stands for the left and the right Hodge dual quan-
tities, e.g.,
∗Rαβγδ =
1
2
εαβµνR
µν
γδ , R
∗
αβγδ =
1
2
εγδµνR
µν
αβ . (52)
Here
εαβγδ =
√−g ε¯αβγδ , εαβγδ = ε¯
αβγδ
√−g ,
ε¯tkxφ = +1 , ε¯
tkxφ = −1 , (53)
is 4-dimensional Levi-Civita pseudo tensor.
Using the expressions of this section and the Rie-
mann tensor components (20)-(23) we can write the
Kretschmann and Chern-Pontryagin invariants in the
form
K1 = RabcdRcdab + 4RtabcRbc ta + 4RtatbRtb ta
=W abcdW
cd
ab + 4V
a
bV
b
a + 4ǫH
a
bcH
bc
a , (54)
K2 = ∗RabcdRcdab + 2(∗RtabcRbc ta +∗Rbc taRtabc)
+ 4∗RtatbR
tb
ta = 2ǫ
bc
a (H
a
deW
de
bc − 2HdbcV ad) .(55)
Here
ǫabc =
√
|γ| ǫ¯abc , ǫabc = ǫ¯
abc√
|γ| ,
γ = det(γab) = −ǫκ−2h , (56)
ǫ¯kxφ = +1 , ǫ¯
kxφ = −ǫ ,
is 3-dimensional Levi-Civita pseudo tensor. Note that
according to the definition of Habc [see (24)], we have
ǫabcHabc = 0.
The Euler curvature invariant can be derived from the
Kretschmann invariant, the square of the Ricci tensor
RαβR
αβ, and the Ricci scalar R,
RαβR
β
α = 4Λ
2 + 64π2TαβT
β
α , (57)
R = Rαα = 4Λ , (58)
through the following expression:
K3 = 4RαβRαβ −R2 −K1 . (59)
V. GEOMETRIC PROPERTIES OF THE
KILLING HORIZON
A. Killing Horizon
Let us consider the Killing vector field
χ = ξ(t) +Ωξ(φ) , (60)
where Ω = const. We have
χ · χ = ǫk2 + (ω2 + 2ωΩ+ Ω2)γφφ , (61)
and the condition
ω ⊜ −Ω , (62)
implies that k = 0 is a Killing horizon, i.e., χ · χ ⊜ 0.
According to this condition, χ is hypersurface orthogonal
on k = 0, i.e., χ[α∇βχγ] ⊜ 0. A meaning of the condi-
tion (62) can be seen from the definition of the angular
velocity of a horizon,
ΩH ⊜ − gtφ
gφφ
= Ω , (63)
which implies that the Killing horizon rotates as though
it were a solid body, i.e. the condition (62) implies rigid-
ity of the Killing horizon.
The metric function κ calculated on the Killing horizon
coincides with its surface gravity,
κ2 ⊜
ǫ
2
lim
k→0
(∇αχβ)(∇αχβ) . (64)
If κ vanishes on the Killing horizon, it is called degen-
erate (or extremal), otherwise, it is called nondegenerate
(or non-extremal). In the following calculations we shall
assume that κ 6= 0.
The Killing horizon is a totally geodesic hypersurface
[5], which implies its extrinsic curvature vanishes [36].
To calculate the extrinsic curvature of a hypersurface Σk
(k = const) we define a unit vector Nα orthogonal to it,
Nα = −ǫκ−1δ kα , Nα = κ δαk , NαNα = −ǫ , (65)
6and the corresponding projection tensor,
Παβ = gαβ + ǫNαNβ . (66)
The extrinsic curvature of a hypersurface Σk is defined
as
S˜αβ = S˜βα ≡ ΠµαΠνβ∇µNν , (67)
and its nonzero components read
S˜tt = ǫκk + κωhφφω,k + 1
2
κω2hφφ,k , (68)
S˜tA = 1
2
κ(hφφω),kδ
φ
A , S˜AB = SAB =
1
2
κhAB,k .
Thus, for a nondegenerate Killing horizon we have
ω,k ⊜ 0 hAB,k ⊜ 0 . (69)
Geometric and field invariants are finite on a regular
Killing horizon. In particular, the invariants Qabab and
F 2 are finite on k = 0. Thus, according to the expres-
sions (37) [see (62) as well] and the Maxwell equations
(45), we have
ω,A ⊜ 0 , Φ,k ⊜ 0 , A,k ⊜ 0 , Φ,A + ωA,A ⊜ 0 . (70)
We consider the metric and the field functions ϕ(k, x) =
{ω , κ , hAB ,Φ+ωA} on and at the vicinity of the Killing
horizon of class Cr, r ≥ 2 in our coordinates. Then
according to the Schwarz’ (Clairaut’s) theorem,
lim
k→0
k−1ϕ,A = ϕ,Ak(0, x
A) = ϕ,kA(0, x
A)
= lim
∆xA→0
ϕ,k(0, x
A +∆xA)− ϕ,k(0, xA)
∆xA
= 0 , (71)
where the last equality follows from (69) and (70). Us-
ing these conditions and taking the limit k → 0 in the
expression (37) one can show that
S¯AB ⊜ 0 , (72)
and S¯kA is finite on the horizon. As a result, the Lie
derivative of S¯ab (19) vanishes on the horizon. Then,
using the Einstein equations (48)-(49) one can see that
k
|a
|b vanishes on the horizon and the expressions (35)-
(36) give
κ,k ⊜ 0 , κ,A ⊜ 0 . (73)
Thus, the quantities ω, κ, and Φ + ωA are constant on
the Killing horizon. This result is well-known. It can be
derived by using geometric properties of Killing horizons
derived in [5] and [6] (see [7]). The derivation presented
here includes the k-derivatives of the functions which are
used in the derivation of our main results.
B. Curvature invariants on the Killing Horizon
In this subsection we derive the relations between the
space-time curvature invariants calculated on the Killing
horizon. Using the results of the previous subsection and
the expressions (26)-(31) we derive
W kAkB ⊜M
A
B +Mδ
A
φδ
φ
B −
1
4
δAB(R+ F 2 − 2Λ),
W kABC ⊜ 0 , W
BC
kA ⊜ 0 , W
AB
CD ⊜
R
2
(δACδ
B
D − δADδBC) ,
T˜ kk ⊜
1
2
F 2 − 2M , T˜ kA ⊜ 0 , T˜Ak ⊜ 0 , (74)
T˜AB ⊜ 2M
A
B + 2Mδ
A
φδ
φ
B −
1
2
F 2δAB ,
where
MAB = h
φφA,AA,B , M =MAA . (75)
Using this result we derive the following expressions of
the curvature invariants on the Killing horizon:
K1 ⊜ 3
(
R+ ǫE˜ − 2
3
Λ
)2
+ 4ǫHabcH abc + 2E˜2 + 8
3
Λ2 ,
K2 ⊜ 6ǫaABHaAB
(
R+ ǫE˜ − 2
3
Λ
)
,
K3 ⊜ −3
(
R+ ǫE˜ − 2
3
Λ
)2
− 4ǫHabcH bca + 2E˜2 −
8
3
Λ2 ,
RαβR
αβ
⊜ E˜2 + 4Λ2 , R = 4Λ , E˜ = 16πE . (76)
The factor ǫ = ±1, which enters the expressions, suggests
a discontinuity in the space-time curvature invariants in
the case when the Killing horizon separates the space-
time into the regions where the vector n is timelike and
spacelike. However, such a discontinuity is not present,
for there is another such factor “hidden” in the stationary
term HabcH abc, so that effectively one has ǫ
2 = 1.
The expressions (76) are the main result of our paper.
The expressions in the preceding subsection were derived
for a nondegenerate Killing horizon. However, assuming
that the space-time admits the limit of κ→ 0, which can
be accomplished by the corresponding limit of the space-
time parameters, the final result (76) remains valid for a
degenerate Killing horizon as well. The derived expres-
sions generalize the curvature invariants constructed in
[16] for a static Killing horizon to the stationary one.3
VI. DISCUSSION
Let us summarize our results. We studied the geomet-
ric properties of stationary and axisymetric Killing hori-
3 In order to compare the expressions, the electromagnetic field
invariant given in the paper [16] has to be rescaled as follows:
F
2
→ 4F 2.
7zons. Such horizons have zero extrinsic curvature, con-
stant surface gravity, angular velocity, and electromag-
netic field (the combination Φ+ωA) and the derivatives
of these quantities (except for the extrinsic curvature)
in the direction orthogonal to the horizon surface van-
ish. We derived the relations between the Kretschmann,
Chern-Pontryagin, and Euler space-time curvature in-
variants, as well as the square of the Ricci tensor and
the Ricci scalar, calculated on a Killing horizon in terms
of the geometric quantities corresponding to the horizons
surface. These relations are generalizations of the analo-
gous known relations for horizons of static 4-dimensional
electrovacuum space-times [see (1)].
There is a direct analogy between the electromagnetic
field tensor Fαβ and the Weyl tensor Cαβγδ. Namely,
there are the gravitoelectric and gravitomagnetic parts of
the Weyl tensor (see, e.g. [35, 37–39]) which we define as
follows:
Eαβ = Cαγβδuγuδ , Bαβ =∗Cαγβδuγuδ , (77)
where uα = −ǫnα [cf. (6)] is the FIDO 4-velocity (see,
e.g., [37, 38]). Because these fields are orthogonal to
n, they live on a hypersurface Σt and are effectively
3-dimensional tensor fields. According to the symme-
tries of the Weyl tensor, they are symmetric and trace-
less. As a result, the Weyl invariants CαβγδCαβγδ and
∗CαβγδCαβγδ are analogous to the electromagnetic field
invariants, FαβF
αβ = 2(B2−E2) and ∗FαβFαβ = 4E·B,
where E and B are electric and magnetic fields, respec-
tively.
One can evaluate the gravitoelectric field component
which is orthogonal to the horizon surface,
E
k
k ⊜
ǫ
2
(
R+ ǫE˜ − 2
3
Λ
)
. (78)
This expression is a generalization of Hartle’s curva-
ture formula, which was derived by using the Newman-
Penrose formalism (see, e.g., [40],[38]). It is interesting to
note that there is an additional additive contribution (not
only through the space-time metric) to the scalar curva-
ture of the horizon surface from the electromagnetic field
energy density and the Λ term. We can express the Weyl
invariants in therms of E ab and Bab as follows:
CαβγδCαβγδ = 8(EabEab − BabBab) , (79)
∗CαβγδCαβγδ = 16 EabBab . (80)
A comparison with the expressions (76) implies
EabEab ⊜ 3
8
(
R+ ǫE˜ − 2
3
Λ
)2
, (81)
BabBab ⊜ − ǫ
2
HabcH
bc
a , (82)
EabBab ⊜ 3
8
ǫaABHaAB
(
R+ ǫE˜ − 2
3
Λ
)
. (83)
The gravitomagnetic part (82), which is analogous to the
electromagnetic expression B2 = (∇ × A)2, is due to
the extrinsic curvature S¯ab of a hypersurface Σt, which,
in turn, is analogous to the vector potential A. The
curvature occurs due to the twist metric function ω. Such
a twist gives an additional contribution to the space-time
curvature on the Killing horizon.
The geometric properties of the horizons presented
here can be used for calculation of space-time curvature
at a Killing horizon of 4-dimensional, stationary and ax-
isymmetric electromagnetic space-time with a cosmolog-
ical constant. The result may be important for applica-
tions to holographic models and, more general for under-
standing of properties of space-time horizons in general.
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